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Abstract
We consider massive dual pairs of p–forms and (D − p− 1)–forms described by non–linear
Lagrangians, where non–linear curvature terms in one theory translate into non–linear mass–
like terms in the dual theory. In particular, for D = 2p and p even the two non–linear
structures coincide when the non–linear massless theory is self–dual. This state of affairs
finds a natural realization in the four–dimensional massive N = 1 supersymmetric Born–
Infeld action, which describes either a massive vector multiplet or a massive linear (tensor)
multiplet with a Born–Infeld mass–like term. These systems should play a role for the
massive gravitino multiplet obtained from a partial super–Higgs in N = 2 Supergravity.
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1 Introduction
Non–linear theories of p–form gauge fields naturally arise in Superstrings and are clearly
relevant in the description of brane dynamics as models for the partial breaking of Super-
symmetry. The latter incarnation also presents itself in rigid theories with extended Su-
persymmetry. A prototype of these non–linear theories is the four–dimensional Born–Infeld
action [1], which in the bosonic case possesses the remarkable property of being electric–
magnetic self–dual.
The N = 1 supersymmetric completion of the Born–Infeld action [2, 3] has the further
remarkable property of being the Goldstone action for N = 2 Supersymmetry partially
broken to N = 1 [4–7]. Alternatively, this action is seen to arise from an N = 2 two–
derivative action, quadratic in the Maxwell field strength, where half of the N = 2 vector
multiplet, i.e. a chiral multiplet, has been integrated out. This fate can result from a scalar
potential that admits a vacuum with unbroken N = 1 Supersymmetry and gives a large
mass to the chiral multiplet [6, 8–10].
The supersymmetric Born–Infeld action inherits the property of its bosonic counterpart, in
that it is self–dual in Superspace [5,6,11–13]. It is the aim of this paper to explore the mass
generation mechanism induced in these non–linear theories by some additional geometric
couplings that are connected to the Stueckelberg mass generation for p–form gauge fields.
They admit a dual formulation in terms of (D − p − 1)–form gauge fields, where the dual
mass term results from a Green–Schwarz coupling [14] of their (D−p)–form field strength to
a p–form gauge field. Or, equivalently, of their (D−p−1)–form gauge field to a (p+1)–form
field strength. As a result, the non–linear curvature interactions present in one formulation
are dual to non–linear generalizations of the mass term present in the other.
A particularly interesting situation presents itself when D = 2p for p even, where the
non–linear system can be self–dual [11], so that the non–linear interactions maintain their
functional form. A notable realization of this phenomenon is provided by the massive Born–
Infeld system in four dimensions, where the one–form formulation realizes a Stueckelberg–
Higgs phenomenon for the massive vector. Its dual, instead, describes a massive antisymmet-
ric tensor theory with a non–linear mass term given by the same Born–Infeld action, albeit
with the vector field strength that becomes pure gauge and is absorbed by the antisymmet-
ric tensor field. The latter realizes the anti–Higgs mechanism [15, 16], whereby a massless
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antisymmetric tensor (dual to a scalar) becomes massive absorbing a massless vector.
The plan of this paper is as follows. In Section 2 we describe massless and massive dualities
in a general setting where the mass is induced by a Green–Schwarz coupling. In Section 3 we
describe the notion of self–dual actions [17,18], which is only available forD = 2p and p even,
a particular case being the massive Born–Infeld system. In Section 4 we turn to the peculiar
self–dual gauge–field systems in odd dimensions, which are only possible for D = 2p + 1
and p odd. These are simple extensions of the systems considered by Deser, Jackiw and
Teitelboim [19] and by Pilch, Townsend and van Nieuwenhuizen [20], which are also providing
mutually dual descriptions, up to boundary terms. In Section 5 we concentrate on N = 1
supersymmetric theories in four dimensions, and briefly recall the superspace self–duality of
the massless Born–Infeld action. In Section 6 we move to the massive case in superspace,
and to this end we introduce the relevant N = 1 superspace Green–Schwarz term [16, 21].
There are again two dual formulations. One provides the superspace generalization of a
Stueckelberg action, a self–interacting massive vector multiplet [22, 23] with a non–linear,
rather than quadratic, curvature part. The other involves a self–interacting massive linear
multiplet, whose non–linear mass term is determined by the same supersymmetric Born–
Infeld action built up, originally, in terms of the vector multiplet field strength. Finally,
Section 7 contains our conclusions and some prospects for future developments, while the
Appendix contains an explicit derivation of the dual massive Born–Infeld action.
2 Massless and massive dualities
Let us begin by recalling that, in the language of forms and with a “mostly positive” signa-
ture, the free actions for massive p–forms Bp take the universal form
L = k
2
2
Hp+1(Bp) ∧ ⋆Hp+1(Bp) + m
2
2
Bp ∧ ⋆Bp , (2.1)
where the field strength and the gauge transformations, which are a symmetry for m = 0,
read
Hp+1 = dBp , δ Bp = dΛp−1 , (2.2)
and k is a dimensionless coupling. In components eqs. (2.1) and (2.2) translate into the
familiar p–dependent expressions
L = − k
2
2 (p+ 1)!
Hµ1...µp+1 H
µ1...µp+1 − m
2
2 p !
Bµ1...µp B
µ1...µp , (2.3)
3
and
Hµ1...µp+1 = (p+ 1) ∂[µ1Bµ2...µp+1] , δ Bµ1...µp = p ∂[µ1Λµ2...µp] , (2.4)
where the antisymmetrizations have strength one.
Let us also recall that, in D dimensions and with the given “mostly positive” signature,
for any p–form Bp
⋆ ⋆Bp = − (−1)p (D−1) Bp . (2.5)
Our starting point is quite familiar and plays a central role in Supergravity. It will serve
to fix our notation, and concerns the standard D–dimensional duality between a massless
“electric” p–form Bp and a corresponding “magnetic” (D− p− 2)–form AD−p−2. It involves
the corresponding field strengths Hp+1 = dBp and FD−p−1 = dAD−p−2, and is encompassed
by the “master action”
L = k
2
2
Hp+1 ∧ ⋆Hp+1 + Hp+1 ∧ dCD−p−2 . (2.6)
In this first–order action Hp+1 starts out as an unconstrained field, and the massless
version of eq. (2.1) is recovered once one enforces the field equation of CD−p−2. This is
precisely the Bianchi identity for Hp+1, so that in flat space its solution is given in eq. (2.2).
Conversely, integrating out Hp+1, which is unconstrained to begin with, as we have stressed,
yields
k2 ∧ ⋆Hp+1 = − dCD−p−2 , (2.7)
Substituting in eq. (2.6) and making use of eq. (2.5) leads finally to the dual representation
L = 1
2 k2
dCD−p−2 ∧ ⋆ dCD−p−2 , (2.8)
with an inverted overall coefficient.
Let us now move on to consider a pair of gauge forms, Bp and AD−p−1, with the corre-
sponding field strengths Hp+1 = dBp and FD−p = dAD−p−1, and let us begin by considering
a Lagrangian of the type
L = k
2
2
Hp+1(Bp) ∧ ⋆Hp+1(Bp) + L2 [FD−p(AD−p−1)] . (2.9)
This Lagrangian describes a pair of massless gauge fields, Bp and AD−p−1. Let us also refrain,
for the time being, from making any definite assumptions on the nature of the Lagrangian
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L2, but let us add to this action principle a Green–Schwarz coupling. This carries along a
coefficient m of mass dimension, and one is thus led to
L = k
2
2
Hp+1(Bp) ∧ ⋆Hp+1(Bp) + m Hp+1(Bp) ∧AD−p−1 + L2 [FD−p(AD−p−1)] , (2.10)
which is gauge invariant up to a total derivative.
We can now show that this Lagrangian admits two dual forms, which can be reached
turning the description of either of the two gauge fields Bp or AD−p−1 into a first–order
form. In four dimensions, the duality that we are exploring concerns, for instance, a massive
electromagnetic potential and a massive two–form, both of which carry three degrees of
freedom. It is sharply different from the massless ones, which link vectors to vectors or
two–forms to scalars.
Let us stress that in the massive cases that we shall shortly reach from eq. (2.9) the
two fields Bp and AD−p−1 describe, of course, identical numbers of degrees of freedom.
Moreover these identical numbers coincide with the sum of the degrees of freedom carried
by corresponding massless fields, a correspondence that reflects the well–known binomial
identity (
D − 2
p
)
+
(
D − 2
D − p− 1
)
=
(
D − 1
p
)
. (2.11)
This is the counterpart, in the massive construction, of the binomial identity(
D − 2
p
)
=
(
D − 2
D − 2− p
)
, (2.12)
which underlies the more familiar massless dualities.
The identity (2.11) reflects the fact that eq. (2.10) is a Stueckelberg realization, a property
that we shall shortly make manifest. Notice that a correspondence of this type plays a role
in String Theory, in the behavior of the massive perturbative excitations. These modes
are indeed described, in the light–cone formalism, as would pertain to massless ones, but
they occur in combinations that build up an extra dimension, and thus their masses, in a
Stueckelberg realization. This fact has long led to a widespread belief that the underlying
phenomenon ought of take the form of a huge spontaneous breaking in an eventual more
complete formulation.
Let us now move to a first–order form for Hp+1, replacing eq. (2.10) with
L = k
2
2
Hp+1 ∧ ⋆Hp+1 + m Hp+1 ∧ AD−p−1 + Hp+1 ∧ dCD−p−2
+ L2 [FD−p(AD−p−1)] , (2.13)
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where now Hp+1 is unconstrained. Notice that in the limit m→ 0 this Lagrangian describes,
for k 6= 0, a massless p–form and a massless (D − p − 1)–form, while if also k → 0 one is
left with a single massless (D − p − 1)–form. Finally, if k = 0 and m 6= 0 the Lagrangian
becomes empty, since the field AD−p−1 is then constrained to be pure gauge.
If one now integrates out Hp+1, the end result,
L = L2 [FD−p(AD−p−1)]
+
m2
2 k2
(
AD−p−1 +
1
m
dCD−p−2
)
∧ ⋆
(
AD−p−1 +
1
m
dCD−p−2
)
, (2.14)
involves a Stueckelberg–like mass term for AD−p−1.
Conversely, one can go to a first-order form for FD−p, considering
L = k
2
2
Hp+1(Bp) ∧ ⋆Hp+1(Bp) − FD−p ∧
[
(−1)pDmBp − dEp−1
]
+ L [FD−p] , (2.15)
where we have performed a partial integration in the term depending on m. Integrating out
FD−p now leads to the condition
C ≡ m(−1)pD Bp − dEp−1 − ∂LL2
∂FD−p
= 0 , (2.16)
where the derivative of L2 is a left derivative, while the resulting Lagrangian involves the
corresponding Legendre transform of L2:
L = k
2
2
Hp+1(Bp) ∧ ⋆Hp+1(Bp) + L2,dual
[
m(−1)pD Bp − dEp−1
]
, (2.17)
where
L2,dual
[
m(−1)pD Bp − dEp−1
]
=
{
L [FD−p] − FD−p ∂LL2
∂FD−p
}∣∣∣∣
C
. (2.18)
In particular, for p = 2 this could describe a massive two–form with a Born–Infeld–like mass
term if L2,dual were the Born–Infeld action in D–dimensions. Note, however, that this action
is not self–dual away from four dimensions, since in D dimensions the massive dual of a
two–form is a (D − 3)–form.
3 Self–dualities in even dimensions
In four dimensions an even stronger instance of duality is possible. Taking p = 2, the two
fields at stake are a two–form B2 and one–form A1, and we would like to consider the case
in which L2 is a Born–Infeld action.
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Reverting to the conventional notation, our starting point is thus the master action
L = −k
2
12
HµνρH
µνρ − m
4
ǫµνρσBµν Fρσ
+
µ2
8 g 2
[
1 −
√
1 +
4
µ2
Fµν F µν − 4
µ4
(
Fµν F˜ µν
)2 ]
, (3.1)
where we have introduced a dimensionless parameter g, the counterpart of the parameter
k that accompanies the two–form kinetic term. The parameter µ is the Born–Infeld scale
factor, with mass–squared dimension, which sizes the non–linear corrections.
As above, a massive variant of the Born–Infeld action principle would obtain eliminating
H after moving to a first–order form where it is unconstrained. However, as we have seen,
the additional field is just a standard Stueckelberg mode, so that for brevity we can just
display the gauge–fixed Proca–like Lagrangian for the massive Born–Infeld vector,
L = − m
2
2 k2
AµA
µ + LBI (g, µ, Fµν) , (3.2)
where
LBI (g, µ, F ) = µ
2
8 g 2
[
1 −
√
1 +
4
µ2
Fµν F µν − 4
µ4
(
Fµν F˜ µν
)2 ]
. (3.3)
In the massless case, the self–duality of the Born–Infeld action would translate into the
condition that
LBI
(
g , µ , Fµν(A)
)
= LBI
(
g′ =
1
g
, µ′ =
µ
g 2
, Fµν(C)
)
, (3.4)
where C is the dual gauge field. On the other hand, in the presence of the Green–Schwarz
term (m 6= 0), one can eliminate the vector altogether and work, in the dual formulation,
solely in terms of the two–form Bµν . The self–duality of the massless Born–Infeld theory
then implies that the dual action involves a Born–Infeld mass term and reads
L = − k
2
12
Hµνρ(B)H
µνρ(B)
+
µ2
8 g 2
[
1 −
√
1 +
4m2 g 4
µ2
Bµν Bµν − 4m
4 g 8
µ4
(
Bµν B˜µν
)2 ]
. (3.5)
The massless limit can be recovered reintroducing the gauge invariant combinationmB + dC
before letting m→ 0. In this fashion the limiting Lagrangian describes a massless two–form,
dual to a scalar, and a dual massless vector C.
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The reason for the peculiar result in eq. (3.5) is precisely that the Born–Infeld action
possesses the property of reproducing itself under the Legendre transform of eq. (3.1), as
summarized in eq. (3.4). This is actually a special manifestation of a phenomenon that
can occur whenever p = D − p, and therefore for D = 2p and p–forms Bp. In these cases,
the field strength one starts from possesses the same index structure as the dual gauge
field, and therefore one can contemplate the possibility of a self-reproduction as above. The
corresponding condition would read
L [g , µ , Fp] − Fp ∂L
∂Fp
∣∣∣∣
∂LL
∂Fp
=mBp
= L [ g′ , µ′ , mBp ] . (3.6)
This property of self–reproduction reflects, in fact, the invariance of the four–dimensional
massless Maxwell system, or of generalizations thereof as the Born–Infeld system, under
duality rotations, which translates into the condition [12, 17, 18]
ǫµνρσ
[
4
∂L
∂F µν
∂L
∂F ρσ
+
1
g 4
Fµν Fρσ
]
= 0 . (3.7)
The very form of this condition reflects the symplectic nature of four–dimensional duality
relations, which finds a direct counterpart in all dimensions D = 2p, with even p and forms
Fµ1...µp . In these cases one can indeed formulate analogs of the Born–Infeld system for
(p− 1)–forms Aµ1...µp−1 , with
L = µ
2
8 g 2
[
1 −
√
1 +
8
p ! µ2
F 2 − 16
(p !)2 µ4
(
F F˜
)2 ]
. (3.8)
Let us stress that the invariance of actions like (3.8) under duality rotations implies that
they are self–reproducing, in the massive case, under the transformation in eq. (3.6). Con-
sequently, similar results hold, in the massive case, for the 2p–dimensional duality between
p–forms and (p− 1)–forms with even p. In these cases a non–linear completion of a kinetic
term turns, after a duality transformation, into a non-linear completion of a mass term for
the dual field with an identical functional form.
On the other hand, in even dimensions D = 2p with p odd, the product F F˜ vanishes
identically, and any Lagrangian L (F 2) is duality invariant, simply because dualities act as
opposite rescalings on the self–dual and antiself–dual parts F±, and moreover F
2 ∼ F+ F−.
As a result, if the field strength is self–dual the Lagrangian reduces to a constant.
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4 Self–dual massive dualities in odd dimensions
It is well known that in even dimensions D = 2p+ 2, with p even, one can impose real self–
duality conditions on massless p–forms, which halve their propagating degrees of freedom.
These systems play an important role in Supergravity and in String Theory, both in six
and in ten dimensions, as well as in the description of the string world–sheet, although it
was recognized long ago that they do not admit conventional action principles [25]. In this
section we would like to elaborate on their counterparts in the massive case.
To begin with, the very structure of eq. (2.13) implies that, in the massive case, self–dual
systems can only exist for p–forms in odd dimensions D = 2p + 1. The purpose of this
section is to describe how the two types of action principles that have been associated to
them in [19] and [20] can be extended in general to describe dual pairs.
For a massive p–form Bp, the proper real self–duality condition halving the corresponding
degrees of freedom is
k2 Hp+1(Bp) ≡ k2 dBp = m ⋆ Bp , (4.1)
which is clearly possible only in odd dimensions D = 2p+1. Furthermore, the corresponding
Lagrangians can only be formulated for odd p. One possible form can indeed be deduced
from eq. (2.13), and reads
L = k
2
2
Hp+1(Bp) ∧ ⋆Hp+1(Bp) + m
2
Hp+1(Bp) ∧Bp . (4.2)
From this expression one can see that, for even p, the second term would be a total derivative,
so that one would be describing a massless p–form. On the other hand, for odd p eq. (4.2) is
a generalization of the classic three–dimensional result of Deser, Jackiw and Templeton [19].
Another formulation for massive self–dual fields was also proposed long ago by Pilch,
Townsend and van Nieuwenhuizen [20], for arbitrary D = 2p + 1. It describes the same
number of propagating degrees of freedom, so that one would expect that a relation to the
preceding one exist, although apparently this was not noticed in [20].
One can exhibit this relation performing in eq. (4.2) the Hubbard–Stratonovich transfor-
mation
L = 1
2 k2
Cp ∧ ⋆Cp + Hp+1(Bp) ∧ Cp + m
2
Hp+1 ∧Bp . (4.3)
Integrating out Cp one would simply recover eq. (4.2), while integrating out Bp leads to the
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condition
Bp = − 1
m
Cp + dΛ , (4.4)
where the last term gives rise only to total derivatives in L. Substituting in eq. (4.2) then
leads to the dual Lagrangian
L = 1
2 k2
Cp ∧ ⋆Cp − 1
2m
Cp ∧ dCp , (4.5)
up to Λ–dependent boundary terms. Notice that both coefficients are inverted, so that,
like all preceding examples, this has the flavor of a strong–weak coupling duality, while the
physical mass is in both cases
Mphys =
m
k2
. (4.6)
5 N = 1 Superspace formulation
As we have seen, in four dimensions a massive vector is dual to a massive antisymmetric
tensor, and the Stueckelberg mechanism for the former finds a counterpart in an “anti–Higgs”
mechanism for the latter (in the sense that a massless Bµν , with one degree of freedom, eats
a massless vector carrying two degrees of freedom).
This relation becomes particularly interesting in the supersymmetric context, since the
supersymmetric extension of the Born–Infeld action is the Goldstone action for N = 2 spon-
taneously broken to N = 1. It thus describes the self interactions of an N = 1 vector
multiplet whose fermionic component, the gaugino, plays the role of Goldstone fermion for
the broken Supersymmetry. When coupled to Supergravity, this system is expected to be
a key ingredient in models for the N = 2 → N = 1 super-Higgs effect of partially broken
Supersymmetry. Consequently, the gaugino must be eaten by the gravitino of the broken
Supersymmetry, which then becomes massive. In fact, because of the residual Supersymme-
try the massive gravitino must complete an N = 1 massive multiplet, which also contains
two vectors and a spin–1
2
fermion [24]. The Born–Infeld system, which contains in the rigid
case a massless vector as partner of the Goldstone fermion, must therefore become massive.
This provides in general a motivation to address massive Born–Infeld systems for p–forms.
In four–dimensional N = 1 superspace the vector A belongs to a real superfield V , while
the two-form B belongs to a spinor chiral multiplet Lα (Dα˙ Lα = 0). The two–form field
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strength dA belongs to the chiral multiplet
Wα(V ) = D
2
DαV , (5.1)
which is invariant under the superspace gauge transformation
V → V + Λ + Λ (Dα˙ Λ = 0) . (5.2)
This is the superspace counterpart of the familiar Maxwell gauge transformation A→ A +
dλ. On the other hand, the three–form field strength H = dB belongs to a linear multiplet
L, which is related to Lα according to
L = i
(
Dα Lα − Dα˙ L α˙
)
, (5.3)
and satisfies the two constraints
D2L = D
2
L = 0 . (5.4)
Note that L is invariant under the gauge transformation
Lα → Lα + Wα(Z) , (5.5)
for any real superfield Z, due to the superspace identity DαD
2
Dα = Dα˙D
2D
α˙
. Eq. (5.5) is
the superspace counterpart of the gauge transformation B → B + dz 1.
In superfield language, the supersymmetric Born–Infeld action takes the form
LBI = F
[
g , µ , W 2(V ) , W
2
(V )
]∣∣∣
D
+
1
2 g 2
(
W 2(V ) + h.c.
)∣∣∣∣
F
, (5.6)
where F is given in [3, 5]. This expression clearly reduces to the supersymmetric Maxwell
action for F = 0, and the leading non–linear order correction is clearly proportional to
1
µ 2 g 2
W 2(V )W
2
(V )
∣∣∣
D
.
Proceeding as in Section 2, it is now convenient to recast eq. (5.6) in the first–order form
LBI = F
[
g , µ , W 2,W
2]∣∣∣∣
D
+
1
2 g 2
(
W 2 + h.c.
)∣∣∣∣
F
+ i (MαWα + h.c.)
∣∣∣∣
F
, (5.7)
introducing a dual potential VD and letting
Mα = D
2
DαVD . (5.8)
1Strictly speaking, the linear multiplet L is the super field strength of the chiral multiplet Lα. Only the
latter ought to be called tensor multiplet, because it contains the tensor field Bµν . With a slight abuse of
language, however, we use loosely the term linear multiplet for both.
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Integrating out VD one recovers the original action (5.6), while integrating out Wα yields the
condition
D
2 ∂LBI
∂W α
≡ D 2 ∂F
∂W α
+
1
g 2
Wα = − i Mα . (5.9)
The equation of motion then follows from the Bianchi identity of the dual field strength
Wα(VD),
DαMα − Dα˙M α˙ = 0 . (5.10)
As discussed in [5, 12], the superspace Born–Infeld action enjoys a self–duality, which is the
direct counterpart of what we have seen in components in eq. (3.7) and translates into the
condition [12]
ℑ
[
MαMα +
1
g 4
W αWα
]∣∣∣∣
F
= 0 , (5.11)
where ℑ picks the imaginary part of the F–component. Notice that this is trivially satisfied
in N = 1 Maxwell Electrodynamics, on account of the special form of eq. (5.9) when F
vanishes.
6 Massive supersymmetric Born–Infeld and its superspace dual
We now turn to the supersymmetric version of the massive duality of Section 2. The coun-
terpart of the Lagrangian (2.13) is
L = Φ(U) + L(U − mV ) + LBI
[
g , µ , Wα(V ),W α˙(V )
]
, (6.1)
where L is a linear multiplet Lagrange multiplier and U and V are real superfields. The
Lagrangian (6.1), with the last term replaced by a standard quadratic super–Maxwell term
W αWα, was considered in connection with R + R
2 theories in [26] and, more recently, for
models of inflation, in [21]. U is the superfield extension of an unconstrained Hµνρ, and the
presence of the arbitrary function Φ(U) reflects the freedom to dress the tensor kinetic term
with an arbitrary function of the scalar field present in the linear multiplet.
Varying the action with respect to L gives
U − mV = T + T , (Dα˙T = 0 ) (6.2)
and L becomes
L = Φ(T + T + mV ) + LBI
[
g , µ , Wα(V ),W α˙(V )
]
. (6.3)
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This is the supersymmetric Stueckelberg representation of a massive vector multiplet. Mak-
ing use of the gauge invariance of LBI , one can turn it into the Proca–like form
L = Φ(mV ) + LBI
[
g , µ , Wα(V ),W α˙(V )
]
, (6.4)
where Φ(mV ) contains supersymmetric generalizations of vector and scalar mass terms, but
also a scalar kinetic term. As we have stressed, the massive multiplet contains a physical
scalar, which is the very reason for the presence of the arbitrary function Φ. In particular, in
this supersymmetric generalization of eqs. (2.14) and (3.2), the supersymmetric Proca–like
mass term that extends A2µ is generally dressed by a scalar function.
The dual supersymmetric Born–Infeld action is the supersymmetric completion of eq. (3.5).
It can be obtained integrating by parts the Green–Schwarz term in eq. (6.1) and then going
to a first–order form forWα, which requires the introduction of the dual gauge fieldMα(VD).
To begin with, however, notice that one can integrate out U , thus replacing the first two
terms with the Legendre transform
ψ(L) = [Φ(U) − U Φ′(U)]|Φ′(U)=−L . (6.5)
Combining all these terms, the first–order Lagrangian takes the form
L = {ψ(L) + LBI [g , µ , Wα,W α˙]}∣∣D + {iW α [mLα + Mα(VD)] + h.c.}|F , (6.6)
which is the supersymmetric extension of eq. (2.15). The notation is somewhat concise, since
LBI also contains an F–term, as we have seen in eq. (5.6).
Notice that, in this richer setting, ψ(L) contains in general non–linear interactions of the
massive scalar present in the massive linear multiplet, which is dual to the massive scalar
of the massive vector multiplet. Both multiplets contain four bosonic degrees of freedom
(a scalar and a tensor in the linear multiplet, and a scalar and a vector in the dual vector
multiplet). In the massless limit the linear multiplet becomes dual to a chiral multiplet,
while the vector multiplet becomes self–dual.
Integrating over Wα and using the self–duality of LBI one finally gets
L = ψ(L) + LBI
[
1
g
,
µ
g 2
, mLα + Mα(VD) , mLα˙ + M α˙(VD)
]
, (6.7)
where both contributions contain a D–term and, as we have seen in eq. (5.6), LBI also
contains an F–term.
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This implies, in particular, that the first–order non–linear correction to the linear multiplet
mass term is proportional to m
4 g 6
µ 2
Lα Lα Lα˙ L
α˙
∣∣∣
D
. Notice that for m 6= 0 Mα(VD) can be
shifted away, so that the superfield Lα acquires a Born–Infeld–like mass term, whose bosonic
counterpart can be found in eq. (3.2).
7 Discussion
In this article we have considered pairs of massive p–forms and (D− p− 1)–forms and their
dual descriptions, with emphasis on the peculiar features that can emerge for D = 2p and
p even. In these cases, if the massless dynamics enjoys a self–duality property, this leaves
an imprint, in the massive theories, as a duality map between non–linear curvature terms in
one formulation and non–linear non–derivative terms of the same form in the other. In the
supersymmetric case the above phenomenon indicates that the massive linear multiplet dual
to a Born–Infeld massive vector multiplet possesses, in general, non–derivative interactions
that build up the very same Born–Infeld action with the field strength Wα replaced by the
tensor multiplet mLα, but also non–linear curvature interactions encoded in a function ψ(L).
Systems of this type are expected to emerge as subsectors in the partial N = 2 → N = 1
super–Higgs mechanism of extended Supergravity, where the massive gravitino must be
accompanied by the other members of a massive multiplet with respect to the unbroken
Supersymmetry. In four–dimensional N = 1 Supersymmetry the gravitino multiplet contains
in fact two massive vectors. One of them would be identified with the leftover portion of
the N = 2 Goldstone multiplet, whose fermionic part is eaten by the gravitino that becomes
massive.
Acknowledgements
We are grateful to P. Aschieri for stimulating discussions. A. S. is on sabbatical leave,
supported in part by Scuola Normale Superiore and by INFN (I.S. Stefi). The authors
would like to thank the CERN Ph–Th Unit for the kind hospitality.
14
A The dual massive Born–Infeld–like action
Let us begin by considering the four–dimensional master Lagrangian
L = µ
2
8 g 2
[
1 −
√
1 +
4
µ2
F 2(A) − 4
µ4
(
F (A) F˜ (A)
)2 ]
− k
2
12
H2(B)
− m
4
ǫαβγδ Fαβ(A)Bγδ (A.1)
involving a gauge field Aµ with the corresponding field strength Fµν , and a gauge field Bµν
with the corresponding field strength Hµνρ. The Green–Schwarz coupling proportional to m
results in the introduction of a mass term for the vector, which emerges explicitly integrating
it by parts and turning to a first–order form for H . One can then integrate out H , arriving
finally at the Lagrangian of eq. (3.2).
Here we would like to outline the steps leading to the dual massive Lagrangian for Bµν of
eq. (3.5). The first step involves the transition to a first–order for F and the introduction of
two Lagrange multipliers λ and σ, as in [6,11,18]. The first multiplier eliminates the square
root, while the second reduces the term depending on FF˜ to a quadratic expression. All in
all, this turns eq. (A.1) into
L = − k
12
H 2(B) − µ
2
16 g 2
(√
λ − 1√
λ
)2
− λ
4 g 2
F 2 +
λ σ
2µ 2 g 2
F F˜
− λ σ
2
4µ 2 g 2
− m
4
ǫαβγδ Fαβ Bγδ − 1
4
ǫαβγδ Fαβ ∂γ Cδ . (A.2)
In the presence of m, the last term can be gauged away, and one can then integrate out Fµν ,
obtaining
Fµν = − mg
2
λ
B˜µν − 2 σµ 2 Bµν(
1 + 4σ
2
µ4
) . (A.3)
This result determines the three bilinears
F 2 = − g
4m2
λ 2
(
1 − 4σ2
µ4
)
B 2 + 4σ
µ2
B B˜(
1 + 4σ
2
µ4
)2 , (A.4)
F F˜ = − g
4m2
λ 2
(
1 − 4σ2
µ4
)
B B˜ − 4σ
µ2
B2(
1 + 4σ
2
µ4
)2 , (A.5)
F B˜ =
g 2m
λ
B 2 + 2σ
µ2
B B˜(
1 + 4σ
2
µ4
) , (A.6)
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and the Lagrangian then takes the form
L = − k
12
H 2(B) − µ
2
16 g 2
(√
λ − 1√
λ
)2
− λ σ
2
4µ 2 g 2
− g
2m 2
4 λ
B2 + 2σ
µ 2
B B˜(
1 + 4 σ
2
µ4
) . (A.7)
The final result of eq. (3.5) follows after integrating out λ and σ.
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